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ABSTRACT:

In this paper we study the dynamics of COVID-19 using an SEIQV epidemic
model with asymptotically homogeneous transmission function is consider. The
basic reproduction number R is found with help of Next Generation Matrix.
Global stability of Disease-free equilibrium is obtained by Lyapunov function if
Ry< 1, then Disease free equilibrium is globally asymptotically stable . And
Endemic equilibrium is globally asymptotically stable if Ry> 1.
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1. INTRODUCTION

Mathematical models are useful to the behavior of an infection when it
enters a community and investigate under which condition it will be wiped out
or continued.

The novel Coronavirus disease (COVID-19) was first confirmed in the
China city of Wuhan , late December, 2019. The coronavirus disease caused by
the Severe Acute Respiratory Syndrome Coronavirus-2 (SARS-CoV-2) presents
clinical features which are similar to the disease caused by other coronaviruses,
Severe Acute Respiratory Syndrome (SARS) and Middle East Respiratory
Syndrome such as lower respiratory illness with fever, dry cough, myalgia,
shortness of breath etc. The incubation period of COVID-19 is between 2-14 days
with symptoms averagely between 5-7 days. Its basic reproduction number is

averaged 2.2[16] and even more ranging from 1.4-6.5 in [5]. The Coronavirus
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disease has to be control by effective lockdown ,social distancing, wearing mask
,quarantine and vaccination.

Since the outbreak, many mathematical have appeared in an attempt to
assess the dynamic mathematics models aimed at estimating of the basic
reproduction number R, [18,6,9,1] and Nezihal Gokbulut et. all [4] recently
discovered an SVI mathematical model. Vaccine for overall human can reduced
the risk of future COVID-19.

In this paper we aim to study the dynamical behavior of an corona virus
which has some effective vaccine and can recovered either by naturally or by
some proper treatments. We present an SEIQV(Susceptible-Exposed-Infected-
Recovered) epidemic model with Homogenous Transmission function (i.e. for
large population sizes the transmission rate will be approximately proportional
to the fraction of infectives in the total population) and Vaccination strategy
which prescribe inhibitory measure such as personal hygiene, wearing of face
mask, public gathering ban, and increased medical facilities etc. as potent means

of solving down the spread of COVID-19.

2. Mathematical Model

The model we analyze in this paper is consider of the following nonlinear
ordinary differential equation:

ds_, _ KSI

o —m—(wﬂ,H%)S

%:%_(04_“4_%)1?

ﬂzcE—(u+8+y+ql)I

dt

%=q3S+qu+qll—(u—¢)Q

%=w5+¢g+y1—uV ..... (2.1)
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Where S(t), E(t), I(t), and Q(t) denote the number of susceptible
individuals, exposed individuals but not yet infectious, infectious individual,
quarantined — treated individuals at time t, respectively, and V(t) represents the
total population of recovered individuals and vaccinated — treated individuals at
time t. And b is the recruitment rate of the population ,k is the disease
transmission coefficient ,u is the natural death rate of the population, ¢ is the
death rate for disease of infectious individuals , and y, 0, w, @, q; q, q3 are the

state transition rates. a and fare the parameter measures the psychological or

KSI

1S
1+aS+pI

inhibitory effect and sociological respectively. The transmission rate

a saturation effect accounting for the fact that the number of contact an
individual reaches some maximal value due to social distribution of the

population.
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Let N(t) represents that total population at time ¢, which satisfied.

N@O=SO+E@D)+I1()+0@)+V (1)

d—N:b—uN—sl
dt
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d—NSb—uN

dt

lim(S+E+]+Q+V)Sé
il

n—>x0

So, the feasible region for system

Q:{(S,E,J,Q,V)eRi |0§S+E+1+Q+Vsé,S>o,E20,120,Q>o,V>0}
n

The set Q2 is positively Invariant with respect to system (2.1)

2.1 Equilibrium of the System

Solution of the system 2.1
,__ KSI

I+aS+p!
KSI

I+aS+p/

of —(n+e+y+q)l =0

—(0+p+q;)S=0
—(c+p+q,)E=0
48+ E+q I —(n+9)0=0

oS+oQ+yl[—uV =0 (2.2)

For system (2.2) always has a Disease Free Equilibrium P,(S,,0,0,0,,V,)

Where, S, :L’ = 455, V= oS, + 60,
O+U+4g; n+¢ il

And for system 2.2 has a unique positive solution P,(S*, E*, I*,Q*, V™)

«_ UFB(c+pu+g)(ut+e+y+q)
oK —a(c+p+q,)(n+e+y+q)

Q*:q3S+qOE+qJ g oWtetytg)
ptd c

oS +00+7] I c(o+pn+gq,+ab)R,-1)

y =
u of(w+p+g)+oK-o(c+u+g,)(u+e+y+q)
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From the value of 7* it is obvious that all the values of (S*,E* Q* V*)are

positive if R, > 1.

2.2 Reproduction Number (Ro)

The Reproduction number, measure the probability of an infectious disease
spreading through a population or becoming extinct after sometimes. This
threshold characteristics of Ro help epidemiologist to make the following
assumption: (a) If Ro <1, the infection will die-out with time and (b) If Ro>1, the
disease will be endemic in the population. Next we find the Reproduction
number Ro of the system (2.1) by obtaining the Jacobian of the system and

using the Next —Generation Matrix due to Driessche and watmough|[ 14].
Let X=(E,1)" system (2.1) become C;—f =FX)-VX)

KSI
F(X)=|1+aS+pl |,V (X)=

Fc+u+qﬂE }
0

—cE+(n+e+y+q,)]

Jacobian of F(X) and V(X) at Disease Free Equilibrium Py (S¢,0,0,Q0, Vo)

0 Ko (c+u+gqg,) 0
c
F= o+p+q,+ob ,V={ Hr }
0 0 —C (h+te+y+q)

The Reproduction number Ry is the spectral radius of the Next-Generation

Matrix derived from the exposed and infected class i.e. R, =p(fV ") which is

1
_ 0
0 Kb c+tu+gq,
FV'=| owo+p+gq,+ab
c |
0 0

(c+u+g,)u+e+y+q) (r+ety+gq)

Hence the Reproduction number of system (2.1) is

oKb
(0+u+gs+ab)o+u+g,)(u+ety+q,)

R, =p(FV )=
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3. Stability of Equilibriums

In this section we will discuss about the stability of Disease- free Equilibrium
Po(S0,0,0,Q0,Vo) and Endemic Equilibrium P«(S*,E",I',Q",V").

3.1 Disease-free -Equilibrium

Theorem 3.1.1: The system (2.1) is locally asymptotically stable to Disease
Free Equilibrium point Py If Ry <1 and unstable if Ry >1.

Proof: The Jacobian of system (2.1) at Disease-Free equilibrium Py is

-Kb

—(o+p+q,+0) 0 0 0
O+p+q,+ab
0 —(c+u+q,) Kb 0 0
J(B)= oO+p+q,+ab
0 c —(u+e+y+q) 0 0
q; q, q, —(u+¢) O
i ) 0 Y [0} —r |

Characteristics equation of Jacobian and it is obvious that J(Py) has always
three negative Eigen values

A =—(0+p+g;).h, =—(U+$), Ay =—p
And the other Eigen values of J(P) are determined by the equation.
MV +Qutc+e+y+q +g)h+(c+u+g)(u+e+y+g)1-R)=0 ... (3.1)
If R, >1,then equation (3.1) has a positive root and a negative root. The DFE P,

is unstable saddle point.

When R <l.then both roots are negative therefore, the Disease Free

Equilibrium is stable.

Theorem 3.1.2: The system (2.1) is Globally asymptotically stable if R, <1at

Disease Free Equilibrium and disease will be die-out.
Proof: We Construct the Lyapunov function
L(E,])=cE+(c+p+qg,)]

The derivation L *with respect to it gives
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L'=cE'+(c+p+qg,)I'

KSI
=0l ————(c+pu+q,)E |[+(c+p+ oE—-(n+e+y+q)!
(1+aS+B1 (C+u+q,) j (c+u+q,)(cE—(u+e+y+q)I)

dL
ES(6+u+qz)(u+8+v+ql)[1€o—1]1SO

If Ro< 1, the largest compact Invariant set is the singleton set Po(So,Eo,lo,Qo, Vo)
in {(S,E,LLQ,V): Z—iZO}. Thus by the Lasalle- Invariance Principle, the disease-

free equilibrium is Globally asymptotically stable in Q.

Here %:Oifonly I=0or P, =(S,,E,,1,,0,,V,)

3.2 Stability for Endemic Equilibrium
Theorem 3.2.1: If R, >1,the endemic equilibrium P* is locally asymptotically
stable.

Proof: The Jacobian matrix of system (2.1) at P* is

otpte) ~(1+ BI*)K[’: 0 —( +cS*)KS;“ 0
(14 aS +pI*) (1+aS+BI*)
(1+ BI*)KI * otnta) (1+ auS*)KS * 0
J(P) = (1+ a8 +BI*)2 (1+ S *+pI*)
0 c —(u+e+y+q) 0 0
q; q, q, —(u+¢) O
i ® 0 Y ¢ —u |
7 = (1+BI*)KI* _ (1+aS*)KS*

L4284+ (1+aS +pIF)’
It is obvious two roots are negative A, =—p,A, =—(1L+¢)
And characteristics equation of P” is

AV +ACutot+e+y+o+q +q, +q)+MQRuUAc+e+y+q, +q,)
(0+p+q;+Z)+(c+p+q)(u+e+y+q)—0oZ,]
Ho+p+g,+Z)o+p+q,)u+e+y+q)—oZ,(0+p+q+2Z)+0627Z,=0

then we only need to consider the roots of
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A+ A\N? + Bh+C =0,where

A=3p+o+e+y+o+q,+q,+q,>0

(+BIKI
B=Q2u+oc+e+y+q +qg,)(0+pn+qg,+ * —)+
(2u Y+q +¢,)0+p+g, R +BI)2)
(1+aSHKS”
c+u+ +e+y+q,)—0C . R
(c+p+g,)(n+e+y+q,) (+aS +Bl)

(1+BIHKIT
(1+aS +pI’)
- (A+BHKIT  (1+aS)KS

(I+aS +BI)* (1+aS +pI)?

Co(@tptg+ (1+aS)KS }

){(Gﬂwqz)(u+8+v+ql)—0(l+aS*+BI*)2

(1+aSHKS"
(1+aS +BI")

B>0,C>0 If(c+p+q,)(u+e+y+q)<o

By direct calculation on

AB —C > 0,therefor by theorem of Routh-Hurwitz it follows that the endemic

equilibrium P” is locally asymptotically stable. This completes the proof.

Definition 3.2: The system (2.1) is said to be uniformly persistent in Q, if there
exists a constant ¢ > 0 such that any solution (S(7), E(¢),1(),0(t),V (¢)) of system
(1.1) with initial value (5(0), £(0),7(0),0(0),7(0)) € intQ satisfies.

min {lim inf S(¢),liminf E(¢),liminf /(¢), liminf Q(¢),liminf V(t)} >c.

Similar to [3], we can get

Theorem 3.3: System (2.1) is uniformly persistent in Q if and only if R, >1.

Remarks 32. The uniform persistence of system (2.1) in the bounded set Q is
equivalent to the existence of a compact K — Qthat is absorbing for (2.1) (see
[5D.

Next we investigate the global stability of the endemic equilibrium of model

(2.1). A geometrical approach developed in [12] (see also [11, 13, 3]) for
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proving global stability will be used in our discussion. Such method is based on
the use of a high-order generalization of the Bendixons criterion which
precludes the existence of non-constant periodic solutions (see[20]).

Now we briefly outline a general mathematical framework developed in [12] for

proving global stability. Consider the autonomous dynamical system.

dx
E_f(x)

where x — f(x)eR"is a C'function about x in Q, c R".Assume that the

following hypothesis hold:
(H1): There is a compact absorb set K = Q,;

(H»): Differential equation (*) has a unique equilibrium x,in Q,.

Let x — P(x)(3)x(5)matrix-valued function that is C'forxeQ,. Assume that

P~'(x)exists and is continuous for x € K. A quantity ¢ is defined as

g =limsup sup%J‘; H(B(x(s,x,)))ds

xeK

where B=P P +P% p~',the matrix P is obtained by replacing each entry

B, of P by its derivative in the direction of f. The quantity w(B)is the Lazinski
measure of B with respect to a vector norm |-|in RY,N =(}),defined by

w(B) =lim,_ + [1+hB|-1 .

The following global stable result is proved in Theorem 3.5 or [12].
Lemma 3.4: Suppose that Q; is simply connected and that assumption (H;)—
(H>) hold, then the unique equilibrium x= is globally stable in Q, if g <0.

Now we apply the theory developed in [12], in particular Lemma 3.4, to prove
the global stability of E".
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Theorem 3.2: If R, >1,the endemic equilibrium P* is Globally Asymptotically

Proof: Firstly we consider sub-system of (2.1)

ds KSI dE* KST
—=b——-—(0+pu+q)S = —(c+pu+qg,)E
i Trasepr @OTHTE) i lrasipl OtHTE)
%=GE—(H+8+"{+Q1)I ...... (3.2)
The Jacobian matrix of system 3.2 is
B % * _ % ) |
@tpa)- (1+BI*)KI ; 0 KS*(1+0aS 2)
(1+aS+pI) 1+ aS+p7r*)
% * %
J(P') = (1+BI*)KI : (c+p+q,) KS(+aS )2
(1+aS +p7*) (1+aS*+p7)
0 c —(n+e+y+q)
And its 2" additive compound matrix is
[ —(1+BI*)KT * . _KS*(+as® KS*(1+aS*) |
(1+ oS +BI*)° (1+ oS *+BI*)° (1+ oS *+BI*)°
g1 s B A+BI*KI* o 0
(1+ oS +BI*)°
0 (1+ BI*¥)KI * »
i (1+aS +BI*)’ |
where, m=2u+0w+6+q,+q,

n=2u+0+e+y+q, +q,

k=2n+oc+e+y+gq, +q,
) . E E
Choose the function P(x)=P(S,E,I)=diag (1,7,7}
It follows that

PP =diag (o,———,———
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[ _KI*(1+BI¥) KS*I(1+aS*)  KS*I(1+0S*) |
(+aS*+pI™° | E(+aS +BI*)}  E(+aS*+pI*)
PJY P = L _KTEA+pry 0
’ I (1+ S *+pI*)
0 KT (1+BI*) "
i (I1+aS +BI") |

The matrix B=P,P"' +PJ 1p~! can be written in matrix form

B:|:Bll Bl2:|
BZI BZZ

_ —KI'(+Br)
o+ oS +BI)
B - KS I(1+aS)  KSTI(1+aS")
2 EQ+aS +BI)  EQ+aS +PpI)
okF
BZIZ T,Oj
E' I' KI'(+BI) 0
B _ E I (I+aS +pI')
” KI'(1+BI) E I,
(1+aS +BI')’ E 1

Let (u,v,0)be vector in [J*its norm 11.11 is defined as

I, v,0|l= max{|pl[v|-|ol}
Let p(B)be the Lozinski measure with respect to this norm, then as described in
[1. We choose

u(B) < sup {g1, g2}

where g =W(B)+|B,|

g, =| By, [ +1,(By,)
| B, |,| B,, |are matrix norms with respect to the /;, vector norm i, denotes the

Lozinski measure with respect to this /; norm. then
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—KI(1+BI)
B )=— " M/
B = s+ piy
E
|le |=GT
B, |- max KSI(+aS)  KSI(1+aS) | KSI(1+aS)
e E(l+aS+B)?* E(l+aS+BD)’| EQ+aS+pI)
E'" I' .
and ul(Bzz):E—T—mm{n,k} . (33)

Therefore, we have

—KI'(1+BI) KS'I(1+aS")
gl = * 2 —m+ * PR
(1+aS +BI*) E(l+aS +B7)

KI'(1+BI°) E
SUras pry  HTOTWTG (34

1 E .
g, :—+(p+8+y+q1)+E—7—mln{n,k}

KIA+BD) B z_u}

B)<s , <s s
M(B) <sup{g,.g,} up{(1+a5+[31)2 W+

S__a
E u

Ly Lp( E 1 E()
then ;J.OM(B)dsS;J'O(E—MJdS_;ln%_

which implies ¢ < _7“ <0. Then based on theorem 3.5 of [].

We know that equilibrium (S+«, E«, I+) is globally asymptotically stable.

Now consider the sub-system (2.1)

d
Q =q;S+q,E+ql—(u+¢)Q0
dt
‘ (3.5
?‘;=wS+¢Q+yI—uV

and its limit system is based on 3.5 we get
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o) =e " 0(0)+¢,S +q,E +q,] B0 g
3 2 1 0

V(t)=e™ [V(O) + jo & (oS, +90(s) + yl*)ds}

Which implies that

;5. +q,E. +q,l.
+0
Then we get that E* is globally asymptotical stable. The proof is completed.

oS, + 00, + 7L

o) = =0. V()= =Vt >
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4. Conclusion

This paper presents a mathematical study on the global dynamics of an
SEIQV epidemic model for COVID -19 with homogenous transmission rate
with vaccination strategy .In case of COVID-19 we quarantine susceptible
,exposed and Infected individual . It is rigorously established in Theorems
3.1.2 and 3.2.2 that the basic reproduction number is a sharp threshold
parameter and completely determines the global dynamics of (2.1) in the
feasible region. We conclude that in Increasing vaccination coverage decrease
total symptomatic cases in each scenario. If Ry <I , there is the disease free
equilibrium is globally asymptotically stable, that is the disease die- out and
when Ry > 1, it become endemic equilibrium is globally stable in Q and
disease will persist. The proof of the global stability of P* when R,>1 , utilizes
a approach of [13] to global stability problem in R™.

VOL 56 : ISSUE 10 - 2025 PAGE NO: 289



JZU NATURAL SCIENCE || ISSN : 1671-6841 https://naturalscience.fyi/

REFERENCES

1. Anastassopoulou, C., Russo, L., Tsakris, A., Siettos, C., Data-based
Analysis, Modeling and Forecasting of the COVID-19 Outbreak. PloS
One 15 (3): 0230405, 2020. doi: 10.1101/2020.02.11.20022186.

2. Anderson R. M., May R. M., Population Biology of Infectious I, Nature
180 (1979) pp. 361 — 367, 1979.

3. C.J. Sun, Y.P. Lin, S.P. Tang, Global stability for an special SEIR
epidemic model with nonlinear incidence rates, Chaos Solitons Fractals
33 (2007) 290-297

4. Gokbulut Nezihal, KaymakamzadeBilgen, Sanlidag Tamer, and
HincalEvren Mathematical modeling of COVID-19 with the effect of
vaccine AIP conference Proceeding 2325, 020065(2021)

5. G.J. Butler, P. Waltman, Persistence in dynamics systems, J. Differential
Equations 63 (1986) 255-263.

6. Imai, N., Cori, A., Dorigatti, I, et’al., Report 3: Transmissibility of 2019-
nCoV. Available from: https://fpmag.net/wp-
content/uploads/2020/01/Imperial-2019-nCoV-transmissibility.pdf

7. J.R. Martin, logarithmic norms and projections applied to linear
differenced system.,J. Math. And Appl. 45(1974) 432-454.

8. Liu Y, Gayle AA, Wilder-Dmith A, Rocklou J. The Reproduction
Number of COVID-19 is Higher Compared to SARS Coronavirus. J.
Travel Med. 27 (3), 2020. https://doi.org/10.1093/jtm/taa0021

9. Li, D., Lv, J., Botwin G., Braun J., Cao, W., Li, L., McGovern, D.P.
Estimating the Scale of COVID-19 epidemic in the United States:

Simulations Based on Air Traffic Directly from Wuhan, China.
medRxivdoi:10.1101/2020.03.06.20031880. URL:
https://www.medrxiv.otg/content/early/2020/03/12/2020.03.06.20031880

10. Liu Xingbo ,YangLljuan , Stability analysis of an SEIQV epidemic

model with Saturated incidence rate. Nonlinear Analysis : Real World

Application.

VOL 56 : ISSUE 10 - 2025 PAGE NO: 290



JZU NATURAL SCIENCE || ISSN : 1671-6841 https://naturalscience.fyi/

11. M.Y. Li, J.S. Muldowney, Global stability for the SEIR model in
epidemiology, Math. Biosci. 125 (1995) 155-164.

12.  M.Y. Li, J.S. Muldowney, A geometric approach to global-stability
problems, SIAM J. Math. Anal. 27 (1996) 1070-1083.

13. M. Fan, M.Y. Li, K. Wang, Global stability of an SEIS epidemic model
with recruitment and a varying total population size, Math. Biosci. 170
(2001) 199-208.

14. O. Diekmann, J.A.P. Heesterbeek and J.A.J. Metz , on the definition and
the computation of the basic reproduction ratio R, in model for infectious
diseases in heterogeneous population, Journal of Mathematical Biology,
28(4)(1990),365-382.

15. Peiris J.S.M., Guan Y., Yuen K., Severe Acute Respiratory Syndrome.
Nature Med. 10:S88- S97, 2004.

16. Riou J, Althaus CL. Pattern of Early Human-to-Human Transmission of
Wuhan 2019 Novel Coronavirus (2019 n-CoV), December 2019 to
January, = 2020.  Euro. Surveill. 25 (4):200058,  2020.
https://doi.org/10.2807/1560-791ES2020.25.4.2000058

17. Van den Driessche, P., Watmough, J. Reproduction Numbers and

Subthreshold Endemic Equilibria for Compartmental Models of Disease
Transmission. Mathematical Biosciences, 180, 29 — 48, 2002.

18.  Wu, J. T, Leung, K., Leung G. M., Nowcasting and Forecasting the
Potential Domestic and International Spread of the 2019-nCoV Outbreaks
Originating in Wuhan, China: A Modeling Study, The Lancet 395
(10225):689-697.d0i:10.1016/s0140-6736(20)30260-9.url:
https://doi.org/10.1016%2Fs0140%2Fs0140-
6736%6736%2820%2930260-9

19. W.M. Liu, HW. Hethcote, S.A. Levin, Dynamical behavior of
epidemiological models with nonlinear incidence rates, J. Math. Biol. 25
(1987) 359-380.

20. Y. Li, J.S. Muldowney, On Bendixson’s criterion, J. Differential
Equations 106 (1993) 27-39

VOL 56 : ISSUE 10 - 2025 PAGE NO: 291



